Solutions to the Hull-Strominger system with torus symmetry by Fino, Anna et al.
ar
X
iv
:1
90
1.
10
32
2v
2 
 [m
ath
.D
G]
  1
2 F
eb
 20
19
SOLUTIONS TO THE HULL-STROMINGER SYSTEM WITH TORUS
SYMMETRY
ANNA FINO, GUEO GRANTCHAROV AND LUIGI VEZZONI
Abstract. We construct new smooth solutions to the Hull-Strominger system, showing
that the Fu-Yau solution on torus bundles over K3 surfaces can be generalized to torus
bundles over K3 orbifolds. In particular, we prove that, for 13 ≤ k ≤ 22 and 14 ≤ r ≤ 22,
the smooth manifolds S1 × ♯k(S
2
× S3) and ♯r(S
2
× S4)♯r+1(S
3
× S3), have a complex
structure with trivial canonical bundle and admit a solution to the Hull-Strominger system.
1. Introduction
The initial proposal for a superstring compactification [7] considered a 10-dimensional
space-time as a metric product of a 4-dimensional maximally supersymmetric space time N
and a 6-dimensional vacuum - compact Ka¨hler Calabi-Yau manifold M . Around the same
time A. Strominger [51] and C. Hull [30] considered a heterotic superstring background
where N has a wrapping factor. Then the internal space M is still complex with trivial
canonical bundle, but no longer Ka¨hler. The supersymmetry conditions lead to what is
known as Hull-Strominger system. To describe it, let M be a compact complex manifold
of complex dimension 3 with holomorphically trivial canonical bundle, so that it admits a
nowhere vanishing holomorphic (3,0)-form ψ. Let V be a complex vector bundle over M
with a Hermitian metric along its fibers and let α′ ∈ R be a constant, also called the slope
parameter. The Hull-Strominger system, for the fundamental form ω of a Hermitian metric
g on M , is given by:
FH ∧ ω
2 = 0;(1)
F 2,0H = F
0,2
H = 0;(2)
i∂∂ω =
α′
4
tr (R∇ ∧R∇ − FH ∧ FH) ;(3)
d(‖ψ‖ω ω
2) = 0,(4)
where FH and R∇ are respectively the curvatures of H and of a metric connection ∇ on
TM .
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The equations (1) and (2) describe the Hermitian-Yang-Mills equations for the connection
H. The last equation says that ω is conformally balanced. It was originally written as
δω = i(∂ − ∂) ln ‖ψ‖ω ,
where δ is the co-differential ∗−1d ∗, and Li and Yau proved in [39] that it could restated as
in (4). In the equation (3), known as the Bianchi identity or anomaly cancellation equation,
there is an ambiguity in the choice of a metric connection ∇ on TM , due to its origins in
heterotic string theory [30, 51]. Also from physical perspective one has α′ ≥ 0 with α′ = 0
corresponding to the Ka¨hler case, but in mathematical literature the case α′ < 0 is also
considered [45]. Different choices of ∇ and their physical meaning are discussed in [11]. In
the present paper we will consider the case that ∇ is the Chern connection of ω and we will
denote its curvature by R.
The first solutions of the Hull-Strominger system on compact non-Ka¨hler manifolds,
taking ∇ as the Chern connection of ω, were found in the seminal work by Fu and Yau
[21, 22]. The solutions are defined on toric bundles over K3 surfaces. In [5] Calabi and
Eckmann constructed a complex structure on a principal toric bundle over the product
CPn × CPm. The Calabi-Eckmann construction can be easily generalized to any complex
base manifold (see e.g. [1]) and Goldstein and Prokushkin showed in [26] that for a Ricci-flat
base and an appropriate choice of the principal torus fibration, the total space has trivial
canonical bundle and admits a balanced metric. Starting from the result of Goldstein and
Prokushkin, Fu and Yau showed that the Hull-Strominger system on some principal torus
fibrations on K3 manifolds can be reduced to a complex Monge-Ampe`re type equation for
a scalar function on the base, and solved it by means of hard analytical techniques (see also
[44, 48]).
Since then, and the work by Li and Yau [39], the successive studies of different analytical
and geometrical aspects of the Hull-Strominger system have had an important influence to
non-Ka¨hler complex geometry (see for instance [15, 24, 48]). Up to now the biggest pool
of solutions is provided by the choice of ∇ given by the Chern connection [8, 9, 16, 17, 18,
19, 23, 41, 46, 44, 45, 48], which includes the first solutions found by Fu, Li, Tseng, and
Yau. More recently, new examples of solutions of the Hull-Strominger system on non-Ka¨hler
torus bundles over K3 surfaces originally considered by Fu and Yau, with the property that
the connection ∇ is Hermitian-Yang-Mills have been constructed in [25]. For the physical
aspects and significance of various choices for ∇ see [11].
The theorem of Fu and Yau in [22] states that, given a compact K3 surface (S, ωS)
equipped with two anti-self-dual (1, 1)-forms ω1 and ω2 such that [ω1], [ω2] ∈ H
2(S,Z) and
with a stable vector bundle E of degree 0 over (S, ωS) satisfying
α′(24− (c2(E) −
1
2
c21(E))) =
1
4π2
∫
S
(‖ω1‖
2 + ‖ω2‖
2)
ω2S
2
,
then there exist a smooth Hermitian manifold (M,ωu = π
∗(euωS) +
i
2
θ ∧ θ) and a metric h
along the fibers of E such that M is a principal torus bundle over S and (V = π∗E,H =
π∗(h),M, ωu) solves the Hull-Strominger system. The construction of the torus bundle is
due to Goldstein and Prokushkin [26] and the proof of Fu and Yau amounts essentially to
finding u such that the condition (3) holds. The ansatz reduces the anomaly cancelation
condition to a scalar equation on S and the formula above is its integrability condition
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where 24 is the Euler number of S. The key point is that this equation can be studied
on the K3 surface S and reduces to a complex Monge-Ampe`re type equation, which can
be solved using a continuity method type argument inspired from the techniques of Yau in
[55]. We mention here that [22] provides the only known so far simply-connected compact
non-Ka¨hler 6-manifold admitting a solution of the Hull-Strominger system.
Our main result claims that the theorem of Fu and Yau generalizes to K3 orbifolds,
extending the result to Hermitian 3-folds foliated by non-singular elliptic curves. In this
way we obtain new simply-connected compact examples carrying solutions of the Hull-
Strominger system. A construction of non-Ka¨hler Calabi-Yau spaces using an orbifold base
was suggested in [28, Section 6.3].
Theorem A. Let X be a compact K3 orbifold with Ka¨hler form ωX and orbifold Euler
number e(X). Let ω1 and ω2 be anti-self-dual (1, 1)-forms on X such that [ω1], [ω2] ∈
H2orb(X,Z) and the total space M of the principal T
2 orbifold bundle π :M → X determined
by them is smooth. Let E be a stable vector bundle of degree 0 over (X,ωX) such that
(5) α′(e(X) − (c2(E)−
1
2
c21(E))) =
1
4π2
∫
X
(‖ω1‖
2 + ‖ω2‖
2)
ω2X
2
.
Then M has a Hermitian structure (M,ωu) and there is a metric h along the fibers of E
such that (V = π∗E,H = π∗(h),M, ωu) solves the Strominger system.
The proof of Theorem A is based on Theorem 2.2 in Section 2 and on Theorem 3.1
in Section 3. Theorem 2.2 implies the existence of a complex structure on M carrying
a balanced metric and a transverse Calabi-Yau structure, while Theorem 3.1 states the
existence of a solution to the Hull-Strominger system on some complex 3-folds foliated by
a Calabi foliation.
Finally we would mention that the topology of compact simply-connected 6-dimensional
manifolds have been well studied in the 60’s and 70’s. In particular there is a topological
classification for compact simply-connected 6-manifolds with a free S1-action [27], which
leads to few simple explicit examples. This could be compared to the millions of examples
of Ka¨hler Calabi-Yau spaces, many of which also carry an elliptic fibrations. Using the
classification in [27] we obtain:
Theorem B. Let 13 ≤ k ≤ 22 and 14 ≤ r ≤ 22. Then on the smooth manifolds S1 ×
♯k(S
2×S3) and ♯r(S
2×S4)♯r+1(S
3×S3) there are complex structures with trivial canonical
bundle admitting a balanced metric and a solution to the Hull-Strominger system via the
Fu-Yau ansatz.
The cases k = 22 and r = 22 respectively correspond to the solutions of Fu and Yau.
The examples in Theorem B have the structure of a principal S1-bundle over Seifert S1-
bundles and for them α′ > 0. The simply-connected examples are obtained starting from
a Calabi-Yau orbifold surface (K3 orbifold) with isolated A1 singular points and trivial
orbifold fundamental group. Then the construction uses partial resolution of singularities.
We describe shortly the structure of the paper. In Section 2 we collect the necessary
information on orbifolds. We focus on the case in which the singular points are isolated and
the local holonomy groups are cyclic, although many results could be generalized for other
groups. We collect the sufficient conditions we need for smoothness of the appropriate
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Seifert S1-bundles over simple orbifolds in Theorem 2.5. The geometric properties like
existence of connections with prescribed curvature on toric bundles is in Theorem 2.2. We
consider T 2-bundles as sequence of S1-bundles and prove the main topological facts in
Corollary 2.7. In Section 3 we show that the Fu-Yau proof on the existence of a solution
to the Hull-Strominger system on principal T 2-fibrations over K3 surfaces generalizes to
some compact Hermitian 3-folds equipped with a transverse Calabi-Yau structure. This
section is the analytic core of the paper and makes use of the continuity method taking into
account some hard a priori estimates in [22, 43] and a theorem of El Kacimi in [13]. Finally
combining the results of the previous sections, in Section 4 we prove Theorem B.
2. T 2-bundles over orbifolds
Recall that an orbifold is a space covered by charts which are homeomorphic maps into
some quotients of open sets of an Euclidean space modulo finite groups. The singular points
are the points in which the isotropy subgroup is non-trivial. Classical examples of orbifolds
are the leaf spaces of Riemannian foliations with compact leaves (see e.g. [40]).
In this paper we will consider complex orbifolds, where the chart transitions are holo-
morphic (see the definitions in [4, Ch. 4]) and restricting to the case in which the singular
points are isolated and the local holonomy groups are cyclic. In particular, we are interested
in special foliations on complex manifolds in which the leaves are elliptic curves and have
a structure of a principal bundle over the leaf space, which we will call T 2-bundles and the
ways to construct them from an orbifold leaf space which is a complex surface.
We will need the standard notions of vector bundles (or V-bundles), tensors and sheaves,
as well as the basic topological invariants transferred to the orbifold case. As in the smooth
case every complex orbifold has an Hermitian metric and every principal bundle over an
orbifold admits a connection (for a proof see for instance [36, Theorem 3.16]). The Chern-
Weil theory proceeds on orbifolds as well, so the Chern classes of a holomorphic orbifold
bundle are defined in terms of Hermitian (orbifold) metrics and their Chern curvature. If
we identify divisors and their Poincare´ dual 2-forms as in the smooth case, then an ample
divisor on a complex orbifold is represented by a Ka¨hler form. We need also the fact that
every pair of forms in the characteristic class of a T 2-bundle is a curvature of some pair of
connection 1-forms. We note here for an orbifold X, the orbifod rational cohomology satisfy
Hkorb(X,Q) = H
k(X,Q), so Hkorb(X,Z) ⊂ H
k(X,Q) - a fact we are going to use later. From
[4, Theorem 4.3.16] we get the following standard fact which we formulate explicitly:
Theorem 2.1. For every T 2-bundle π : M → X over an orbifold X with a characteristic
class α, β ∈ H2orb(X,Z) and any (ω1, ω2) ∈ (α, β) there exist connection 1-forms θ1, θ2 on
M such that dθi = π
∗(ωi).
Proof. The proof is the same as for the smooth case. By the existence result mentioned
above we have connection 1-forms θi on M with curvature 2-forms on X dθi = π
∗(ω˜i) where
by the Chern-Weil isomorphism [ω˜i] ∈ (α, β). Then ω˜i = ωi+dαi and the 1-forms θi+π
∗(αi)
define the required 1-forms. They clearly are closed and in the class (α, β). To see that
they define connections one has to check that they are equivariant. But for Abelian groups,
the equivariant condition is just T 2-invariant one. 
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Recall that a holomorphic vector bundle V over a Ka¨hler manifold (X,ω) is called stable
with respect to the Ka¨hler form ω if, for every proper coherent subsheaf E of the sheaf
of local holomorphic sections of V , the inequality deg(E)/rk(E) < deg(V )/rk(V ) holds,
where the degree is calculated with respect to ω. The degree of a bundle is the product of
its first Chern class with the appropriate power of the cohomology class of ω, so the notion
of stability may depend on the choice of ω. The same definition works in the orbifold case.
In view of Donaldson-Uhlenbeck-Yau Theorem [12, 53] an irreducible Hermitian vector
bundle V of degree 0 over a Ka¨hler manifold (X,ω) is stable if and only if V has a Hermitian-
Yang-Mills metric H, i.e. a Hermitian metric H along the fibers of V whose curvature FH
satisfies FH ∧ ω
n−1 = F 2,0H = F
0,2
H = 0, where n is the complex dimension of X.
This result can be extended in two directions. First, the notion of degree of a vector
bundle can be defined with respect to some non-Ka¨hler metrics of special type, called
Gauduchon metrics, i.e. an Hermitian metrics ω satisfying the condition ∂∂ωn−1 = 0 [38].
Since a balanced metric is a Hermitian metric for which dωn−1 = 0, every balanced metric is
also Gauduchon. When the degree of the bundle V is 0, the Hermitian-Yang-Mills condition
is conformally invariant, so the stability is well defined for conformally balanced metrics.
The second direction is that X could be a Ka¨hler orbifold with “nice” singularities. For
instance, C. Simpson proved in [50] the Donaldson-Uhlenbeck-Yau Theorem on certain non-
compact Ka¨hler manifolds with an appropriate condition at infinity. From his result follows
that the Donaldson-Uhlenbeck-Yau theorem is true for Ka¨her orbifolds with isolated cyclic
singularities, since the manifold obtained after deleting the singularities satisfies Simpson’s
condition.
The following statement is a combination of several known results for manifolds, which
we formulate for orbifolds and we will use in Sections 3 and 4.
Theorem 2.2. Let (X,ωX) be a K3-orbifold (or Calabi-Yau 2-fold) with a smooth Ka¨hler
form ω. Let ω1, ω2 be rational cohomology (1, 1)-classes. Assume that the T
2-bundle π :
M → X defined by c1(M/X) = [ω1, ω2] is smooth. If θi are the connection 1-forms with
dθi = π
∗ωi, then M admits a complex structure such that θ = θ1 + iθ2 is (1,0)-form and π
is a holomorphic projection. For the complex manifold M the following properties hold:
i) The Hermitian metric on M defined by the (1, 1)-form ω = π∗(ωX)+θ1∧θ2 is balanced
(i.e. dω2 = 0) iff trωXω1 = trωXω2 = 0. If we choose ω1, ω2 to be harmonic, then this is
equivalent to the topological condition [ω] ∪ [ω1] = [ω] ∪ [ω2] = 0.
ii) If ψX is a non-vanishing holomorphic (2, 0)-form on X, the form ψ = ψX ∧ θ is
holomorphic with constant norm with respect to ω.
iii) For every smooth function u on X, the metric ωu = e
uπ∗(ωX) + θ1 ∧ θ2 on M is
conformally balanced with conformal factor ||ψ||ωu .
iv) If E is a stable bundle on X with respect to ωX of degree 0 and Hermitian-Yang-Mills
metric h and curvature Fh, then V = π
∗(E) is a stable bundle of degree 0 on M with respect
to ωu with Hermitian-Yang-Mills metric H = π
∗(h) and curvature FH := π
∗(Fh).
Proof. The proof is the same as in the smooth case. Part i) and ii) are in [26] (see also
[28]). Parts iii) and iv) are in [38, 22]. 
The next results of this sections will be used in Section 4 to construct explicit examples
and to prove Theorem B. Here we consider T 2-bundles over an orbifold X which are given
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by the following sequence
S1 

// M

S1 

// M1

X
where M1 → X is a Seifert S
1-bundle, M1 is smooth and M → M1 is a regular principal
S1-bundle over M1. For the definition of Seifert S
1-bundle we refer to [4, Definition 4.7.6].
The following is Theorem 4.7.3 in [4], which is proven by Kolla´r in [33]. For convenience
we use “divisors” to refer to rational or integral Cartier divisors to distinguish them from
the Weil divisors. In this terminology an ample rational divisor has as a Poincare´ dual a
rational Ka¨hler form and vice versa.
Theorem 2.3. Let X be a normal reduced complex space with at worst quotient singularities
and ∆ =
∑
i(1 −
1
mi
)Di be a Q divisor (this is the data associated to an orbifold). Then
there is a one-to-one correspondence between Seifert C∗-bundles f : Y → (X,∆) and the
following data:
(i) For each Di an integer 0 ≤ bi < mi relatively prime to mi, and
(ii) a linear equivalence class of Weil divisors B ∈ Div(X).
For the purposes of the present paper, we focus on the case which Y is smooth and we
need to consider the “smoothness part” of Theorem 4.7.7 in [4]:
Theorem 2.4. If (X,∆) is a locally cyclic orbifold as in the Theorem above and f : Y →
(X,∆) is an S1-orbibundle whose local uniformizing groups inject into the group S1 of the
orbibundle, then f : Y → (X,∆) is a Seifert S1-bundle and Y is smooth.
For algebraic orbifolds this could be refined (see Theorem 4.7.8 in [4] and [34]) and for
an orbifold (X,∆) with trivial H1orb(X,Z) the Seifert S
1-bundle Y is uniquely determined
by its first Chern class c1(Y/X) ∈ H
2(X,Q), which is defined as [B] +
∑
i
bi
mi
[Di].
Next we focus on T 2-bundles over an orbifold surfaceX. The general theory of such spaces
from the foliations view-point is given in [29]. In particular, such bundles are determined
by two rational divisors on the base orbifold.
We want to use the well-known examples of K3 orbifolds (or Calabi-Yau surfaces) to
construct examples carrying solutions of the Hull-Strominger system. Since the examples
are generic hypersurfaces or complete intersections in weighted projective spaces, we need
a criteria for smoothness of the toric bundles over them. To do this we use an indirect
approach - instead of using explicit equations we use the fact that the links which these
surfaces define are already smooth Seifert S1-bundles. The following statement could be
generalized in many directions, but we need it in this form to construct examples (note that
the space M is auxiliary, it is not used in the constructions later):
Theorem 2.5. Let X be a compact complex 2-dimensional orbifold with only isolated A1-
singularities and an ample divisor H ∈ Pic(X). Assume that the S1-Seifert bundle Y → X
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defined by c1(Y/X) = H =
p
q
H with p
q
> 0 is smooth. Then the blow-up X˜ of X at any
number k ≥ 1 of singular points has a rational divisor D and a real positive (1, 1)-class ω
with the following properties:
i) D.ω = 0 and we say that D is “traceless” with respect to ω in analogy with the smooth
case.
ii) If the canonical bundle of X is trivial, i.e. KX = 0, and π
orb
1 (X) = 1, then KX˜ = 0
and πorb1 (X˜) = 1.
iii) The S1-Seifert bundle Y˜ → X˜ determined by the cohomology class c1(Y˜ /X˜) = D is
smooth.
iv) The pullback of ω to Y˜ is smooth.
Proof. Since all isolated singularities of type A1 give rise to a crepant resolution, we have
that the canonical bundle triviality is preserved. Moreover, by [32, Thm. 7.8] or [54, Thm.
4.1] we get πorb1 (X˜) = 1.
In case of blow-up of A1 singularity at a singular point, the exceptional divisor E is a
rational curve with self-intersection −2, i.e. E.E = −2. In particular the Picard group of
X˜ is generated by the pull-back of H and the rational curves E1, .., Ek, if X˜ is obtained by
blowing up k singular points. There are also the relations H.H > 0, Ei.Ei = −2, H.Ei = 0
and Ei.Ej = 0, for every i, j = 1, 2, .., k, i 6= j.
In general, by the Nakai-Moishezon criteria a (1,1)-class associated to a divisor L on
surface is positive if the L.L > 0 and L.C > 0, for every curve C. The criteria is valid for
singular surfaces and real (1,1)-classes, see e.g. [6]. Since H is positive (ample), by this
criteria we can find n large enough such that nH − E1 − E2 − . . . − Ek is positive. This
follows from the fact that every curve in X˜ is either a pull-back of a curve in X or belongs to
the exceptional divisor. Note that n does not have to be integer but only a rational number.
Since H is rational and ample, its pull-back to X˜ defines a smooth (in orbifold sense) (1,1)-
form. Combining it with the fact that the exceptional curves define divisor with a well
defined smooth first Chern class, nH −E1 − ...−Ek provides a positive smooth form ω on
X˜. For the primitive divisor D we can choose D = H +mE1. We need to prove that there
exists an integer m > 0 such that the intersection number (H +mE1).(nH −E1− . . .−Ek)
vanishes. But from the intersection numbers above we have
(H +mE1).(nH − E1 − ...− Ek) = nH.H −mE1.E1 = n(H.H)− 2m
and by appropriate choice of n and m which are also large enough, we can have the last
number equal zero.
Now we have to check that D defines a smooth S1-Seifert bundle Y˜ → X˜. This follows
from the assumption that H defines a smooth such bundle and according to Theorem 2.4
and Proposition 4.7.8 in [4] all other conditions are about local divisibility of D at the
singular points. But the remaining singular points on X˜ satisfy the conditions for the pull-
back of H, since they are pull-backs of singular points on X and H satisfies these local
conditions since by assumption Y is smooth. Now E1, . . . , Ek do not intersect with the
other singularities since they are isolated. So D defines a smooth Seifert S1-bundle Y˜ . The
last thing to check is that ω pulls-back to a smooth form on M˜ . But since ω is smooth in
the orbifold sense on X˜ , then its pull-back is also smooth. 
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In dimension 5 and 6 there are strong classification results about the topology of simply-
connected compact smooth manifolds admitting a free S1-action. To have a nice expression
of the diffeomorphic type of these spaces one needs also the (co)homology groups to be
torsion-less. In general the torsion of the cohomology groups of an orbifold surface and
their associated Seifert S1-bundles is a delicate question (see [34]). However we need a
Calabi-Yau surface and, for this type of surface, Proposition 10.2 and Corollary 10.4 in [34]
provide a simple condition to identify the Seifert S1-bundle up to a diffeomorphism. We
formulate it here in the form which is relevant to our purpose:
Theorem 2.6. ([34]) Let (X,∆) be a Calabi-Yau orbifold surface, i.e. KX +∆ is numeri-
cally trivial, and π : Y → (X,∆) be a Seifert S1-bundle with Y smooth and H1(Y,Z) = 0.
Then ∆ ≡ 0, X is a Calabi-Yau orbifold with trivial canonical class, and Y has no torsion
in the cohomology and is diffeomorphic to a connected sum of k copies of S2 × S3, where
k ≤ 21 is equal to k = dim(H2(X,Q)) − 1.
Proof. This is Corollary 10.4 (1) and (3) in [34] and the expression for k follows from
Theorem 5.7 in [34]. Indeed, the minimal resolution of S is a K3-surface and H2(Y,Z) is
torsion free of rank at most 22. 
We should note that H1(Y,Z) = 0 is essential and for the examples we have in mind
it requires that the orbifold fundamental group of X is trivial. So we cannot use the
Kummer surface construction, which provides a smooth K3 surfaces after blowing up 16
A1-singularities - in this case Y is not simply-connected. Now we are ready for the main
topological characterization of the simply-connected examples we consider in the next sec-
tions.
Corollary 2.7. Let X be a Calabi-Yau orbifold surface (K3 orbifold) with only isolated
A1 singularities and trivial orbifold fundamental group, and X˜ be the blow-up of X at k of
these points. Assume that there is an ample rational divisor H on X, such that the Seifert
S1-bundle Y with c1(Y/X) = H is smooth. Then there exist two rational divisors D1 and
D2 and a real positive (1, 1)-class ω which satisfy (i)-(iv) of Theorem 2.5 for the respective
Seifert S1-bundles M˜1 and M˜2 over X˜ defined by D1 and D2. The divisors D1 and D2
can be chosen to be independent over Q and in such a way, that the corresponding T 2 -
bundle M˜ is simply-connected and has no torsion in the cohomology. It is diffeomorphic to
#k(S
2 × S4)#k+1(S
3 × S3), where k = rk(H2(X,Q) − 2.
Proof. Choose D1 = H−mE1−E2 and D2 = H−E1−mE2 and ω = nH−E1−E2−. . .−Ek
(as in the proof of Theorem 2.5). Then D1 and D2 clearly satisfy i) to iv) with this ω and
are independent over Q. To see that they determine a simply-connected 6-manifold, we
consider first the Seifert S1-bundle M˜1 → X˜ corresponding to c1(M˜1/X) = D1. According
to Corollary 10 in [35] M˜1 is simply-connected, and by the previous Theorem diffeomorphic
to a connected sum of k copies of S2×S3. Now the total space of the T 2-bundle M˜ can be
considered as a smooth S1-bundle π2 : M˜ → M˜1. Its characteristic class is the pull-back of
D2 to M˜1. We can always divide it by an integer, if it is not primitive. In this way we will
obtain a simply-connected 6-manifold M˜ . To see that it has no torsion in the cohomology
we can use the proofs in Section 2 of [35]. Although the results there are for bundles over
a base of complex dimension 2, it is easy to generalize the proof for any dimension in the
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smooth case - see Proposition 14 and Corollary 15 and the remaining parts of the proof of
Proposition 8 in [35]. Then M˜ is a simply-connected 6-manifold with a free S1-action and
vanishing second Stiefel-Whitney class (since M˜ is a complex manifold and its canonical
bundle is trivial). Its cohomology can be computed as in the prof of Proposition 8 in [35] and
in particular have no torsion. The main result in [27] gives the diffeomorphism type of M˜ as
described. The number k can be computed as k = rk(H2(M˜1,Q))− 1 = rk(H
2(X,Q))− 2
using the exact cohomology sequence for S1-bundles. 
We’ll use the previous results in Section 4 to prove Theorem B.
3. Proof of Theorem A
We obtain the proof of Theorem A by mixing the results in Section 2 with the following
generalization of the Fu-Yau theorem to Hermitian 3-folds with a transverse Calabi-Yau
structure.
Theorem 3.1. Let (M, I, g) be a Hermitian 3-fold with fundamental form ω and equipped
with a unitary closed (2, 0)-form ψB and a unitary ∂-closed (1, 0)-form θ satisfying,
(6) dωB = 0 , ωB ∧ dθ = 0 , ιZψB = 0 ,
where ωB := ω −
i
2
θ ∧ θ and Z is the vector field dual to θ with respect to g. Assume that
there exists a Hermitian vector bundle (V,H) over M such that the curvature FH of its
Chern connection satisfies
(7) FH ∧ ωB = 0 , F
2,0
H = F
0,2
H = 0 ,
and
(8)
∫
M
α′tr (R ∧R) ∧ ω − α′tr (FH ∧ FH) ∧ ω − ‖dθ‖
2 ω3 = 0 ,
where R is the Chern connection of g and α′ ∈ R. There exists a smooth function u : M → R
such that if ωu = e
uωB+
i
2
θ∧θ, then (V,H,M,ωu) is a solution to Hull-Strominger’s system.
We show Theorem 3.1 by using some results in [22, 43]. Namely, it can be observed that
the argument in [22] to reduce the Hull-Strominger system on a principal T 2-bundle over a
K3 surface to an elliptic equation, depends only on the foliated structure of the manifold
and the assumptions in Theorem 3.1 allow to reduce the Strominger system on M to a
transversally elliptic equation. The solvability of the equation follows by [22, 43] taking
into account a result of El Kacimi in [13].
Now we focus on the setting of Theorem 3.1. Let Z be the dual vector field of θ and
let F be the foliation generated by the real and the imaginary part of Z . Denote by L
the corresponding vector bundle. Notice that (L,ωB) is a Hermitian vector bundle on M
and denote by gB the induced metric along the fibers of L. The pair (ωB, ψB) induces a
transverse Calabi-Yau structure on M . In particular, from the fact that M is Hermitian
3-fold and (6) follows that ωB and ψB are both basic forms, i.e. they both satisfy the
conditions
ιXωB = 0 , LXωB = 0 , ιXψB = 0 , LXψB = 0 ,
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for every vector field X tangent to the foliation. We denote by ΩrB(M) the space of complex
basic r-forms on M and by ∗B : Ω
r
B(M)→ Ω
6−r
B (M) the basic Hodge “star” operator which
is defined by the usual relation
η ∧ ∗Bβ = gB(η, β)
ω2B
2
,
where gB is extended in Ω
r
B(M) in the standard way. From our assumptions it follows that
dθ is a basic form and
∗Bdθ = −dθ.
Notice that if ψ = ψB ∧ θ, then the pair (ω,ψ) gives an SU(3)-structure on M . Further-
more, taking into account that we are assuming that dθ = ∂θ is real, we have
dω2 = d
(
ω2B + iωB ∧ θ ∧ θ
)
= iωB ∧ dθ ∧ θ − iωB ∧ θ ∧ dθ = 0 ,
i.e., ω defines a balanced metric.
In order to simplify the notation we put
χ =
i
2
θ ∧ θ
and following the Fu-Yau approach, we deform ω as
ωu = e
u ωB + χ
where u is a basic function on M (i.e. X(u) = 0 for every vector filed X tangent to the
foliation).
Since ‖ψ‖ωu = e
−2u, taking into account that ωB is closed and dθ is a transverse form,
we have
d(‖ψ‖ωu ω
2
u) = d(e
−2u
(
e2uω2B + ie
uωB ∧ θ ∧ θ
)
) = d(ω2B + ie
−uωB ∧ θ ∧ θ) = 0 ,
i.e. (ωu, ψ) satisfy (4). Moreover condition (7) implies that (FH , ωu) satisfies the equations
(1) and (2) and the Strominger’s system reduces to the following equation on u
(9) i∂∂ωu =
α′
4
tr (Ru ∧Ru − FH ∧ FH) ,
where Ru is the Chern curvature of ωu.
Taking into account that ∗B∂θ = −∂θ, we get
(10) i∂∂ωu = i∂∂e
u ∧ ωB +
1
2
‖∂θ‖2
ω2B
2
.
Moreover, we have the following
Lemma 3.2. The following formula holds
tr(Ru ∧Ru) = tr(RB ∧RB) + 2∂∂u ∧ ∂∂u+ 2i∂∂(e
−uρ)
where RB is the Chern curvature of the Hermitian bundle (L, gB) and ρ is a real basic
(1, 1)-form which does not depend on u.
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Proof. Let g˜B be any Hermitian metric along the fibers of L satisfying LX g˜B = 0 and let
g˜ = g˜B + χ ◦ I be the induced metric on M . Denote by R˜B and R˜ the Chern curvature of
g˜B and g˜, respectively. Then we can locally write
R˜ = ∂(∂G ·G−1)
where G = (g˜(Zi, Zj)) and {Z1, Z2, Z3} is a local holomorphic fame on M .
Let {z1, z2, z3} be complex coordinates on M such that ∂z3 = Z. Then
Z1 = ∂z1 − θ(∂z1)Z , Z2 = ∂z2 − θ(∂z2)Z
is a local frame of L⊥. In order to compute R˜, we modified the frame {Z1, Z2, Z} to a
holomorphic frame. The dual frame to {Z1, Z2, Z} is given by {dz1, dz2, θ} and since ∂θ
is basic and ∂-closed, it can be locally written as ∂α, where α is a basic form. Hence
{dz1, dz2, , θ−α} is a local frame of holomorphic forms. The dual frame is {Z1−α1Z,Z2−
α2Z,Z}, where αk = α(∂zk). With respect to this last frame the matrix G takes the
following expression
(11) G =

 g11 + |α1|2 g12 + α1α2 α1g21 + α2α1 g22 + |α2|2 α2
α1 α2 1


where gij = g˜(Zi, Zj). Accordingly to (11), we write
G =
(
GB +A ·A
∗ A
A∗ 1
)
,
where GB = (gij), i, j = 1, 2, and A = (α1, α2)
t. Now
R˜ = ∂(∂G ·G−1) = (∂∂G) ·G−1 − ∂G ∧ ∂G−1
and we write
R˜ =
(
R11 R12
R21 R22
)
where R11 is a 2× 2 matrix of 2-forms and R22 is a 2-form. At a fix point p up to change
coordinates we may assume A(p) = 0 and
G =
(
GB 0
0 1
)
at p .
Therefore
(∂∂G) ·G−1 =
(
∂∂(GB +A ·A
∗) ·G−1B ∂∂A
∂∂A∗ ·G−1B 0
)
, at p.
Moreover,
∂G−1 = G−1 · ∂G ·G−1
and taking into account
A · A∗ = 0 at p ,
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we have
∂G ∧ ∂G−1 =
=
(
∂GB ∂A
∂A∗ 0
)
∧
(
G−1B 0
0 1
)
·
(
∂GB ∂A
∂A∗ 0
)
·
(
G−1B 0
0 1
)
=
(
∂GB ∂A
∂A∗ 0
)
∧
(
G−1B · ∂ GB ·G
−1
B G
−1
B · ∂A
∂A∗ ·G−1B 0
)
=
(
∂GB ∧G
−1
B · ∂ GB ·G
−1
B + ∂A ∧ ∂A
∗ ·G−1B ∂GB ∧G
−1
B · ∂A
∂A∗ ∧G−1B · ∂GB ·G
−1
B ∂A
∗ ∧G−1B · ∂A
)
at p. It follows
R11 =∂∂(GB +A · A
∗) ·G−1B + ∂GB ∧G
−1
B · ∂GB ·G
−1
B + ∂A ∧ ∂A
∗ ·G−1B
=RB + ∂A ∧ ∂A
∗ ·G−1B
at p, and
R12 = ∂∂A+ ∂GB ∧G
−1
B · ∂A
R21 = ∂∂A
∗ ·G−1B + ∂A
∗ ∧G−1B · ∂GB ·G
−1
B = ∂(∂A
∗ ·G−1B )
R22 = ∂A
∗ ∧G−1B · ∂A ,
at p. Moreover
R˜ ∧ R˜ =
(
R11 ∧R11 +R12 ∧R21 ∗
∗ R22 ∧R22 +R21 ∧R12
)
and
tr(R˜ ∧ R˜) = tr(R11 ∧R11 +R12 ∧R21) +R22 ∧R22 +R21 ∧R12 .
Since trRB = 0, we have
tr (R11 ∧R11) = tr
(
RB ∧RB + 2RB ∧ ∂A ∧ ∂A
∗ ·G−1B
)
at p, and
tr(R˜ ∧ R˜) = tr
(
RB ∧RB + 2RB ∧ ∂A ∧ ∂A
∗ ·G−1B
+ 2∂∂u ∧ ∂∂u+ 2 ∂∂A ∧ ∂(∂A∗ ·G−1B )
+ 2 ∂GB ∧G
−1
B · ∂A ∧ ∂(∂A
∗ ·G−1B )
)
at p. We further have
∂∂(∂A ∧ ∂A∗ ·G−1B ) =∂∂A ∧ ∂(∂A
∗ ·G−1B ) + ∂A ∧ ∂∂(∂A
∗ ·G−1B )
and
∂A ∧ ∂∂(∂A∗ ·G−1B ) =∂A ∧ ∂(∂A
∗ ∧ ∂G−1B ) = −∂A ∧ ∂(∂A
∗ ∧G−1B · ∂GB ·G
−1
B )
= − ∂A ∧ ∂(∂A∗ ·G−1B ) ∧ ∂GB ·G
−1
B + ∂A ∧ ∂A
∗ ·G−1B ∧ ∂(∂GB ·G
−1
B )
= − ∂A ∧ ∂(∂A∗ ·G−1B ) ∧ ∂GB ·G
−1
B + ∂A ∧ ∂A
∗ · ∧G−1B · ∂(∂GB ·G
−1
B )
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which together imply
tr(∂∂(∂A ∧ ∂A ·G−1B )) =
= tr
(
2R˜B ∧ ∂A ∧ ∂A
∗ ·G−1B + ∂∂A ∧ ∂(∂A
∗ ·G−1B ) + ∂GB ∧G
−1
B · ∂A ∧ ∂(∂A
∗ ·G−1B )
)
.
at p. Therefore
tr(R˜ ∧ R˜) = tr
(
R˜B ∧ R˜B + 2∂∂ tr((∂A ∧ ∂A ·G
−1
B ))
)
, at p .
This last expression is in fact local since ρg˜B = −itr(∂A∧ ∂A ·G
−1
B ) is a transverse form on
M (this is a standard computation in coordinates).
The last formula can be in particular applied to
gu := e
u gB +
i
2
θ ∧ θ.
Since Ru = ∂∂u I +R, the Chern connection of e
ugB is ∂∂u I +RB and ρeugB = e
−uρgB , we
get
tr(Ru ∧Ru) = tr(RB ∧RB + 2∂∂u I ∧RB + 2∂∂(e
−u ρgB)) + 2∂∂u ∧ ∂∂u .
Since trRB = 0 we have that tr ∂∂u I ∧ RB = 0 and then the claim follows by setting
ρ = ρgB . 
Proof of Theorem 3.1. Equation (10) and Lemma 3.2 imply that (9) can be written as
(12) i∂∂eu ∧ ωB − α
′i∂∂(e−uρ)−
α′
2
∂∂u ∧ ∂∂u+ µ′
ω2B
2
= 0
where u is an unknown basic function and ρ and µ′ are respectively a given basic real
(1, 1)-form and a given function. This last equation can be rewritten as{
i∂∂eu ∧ ω2 − αi∂∂(e−uρ) ∧ ω − α∂∂u ∧ ∂∂u ∧ ω + µω
3
6
= 0 ,
Z(u) = 0 .
where α and µ depend on α′ and µ′ in a universal way. Taking into account lemma 3.2,
equation (8) implies that the integral of µ is zero. The first equation of the system belongs
to the class of equations considered in [22, 43] and has a smooth solution u. It remains
to show that we can assume that u satisfies also the second equation, i.e. that there is
also a basic function u satisfying the first one. Following the approach in [43], for positive
constants δ and γ, let
Υ =
{
u ∈ C2(M) : e−2u < δ , |α| ‖i∂∂u‖ < eu τ
}
.
For a good choice of δ and γ, we have that
ωu,t := e
uω + tαe−uρ+ 2αi∂∂u
is a positive (1, 1)-form on M , for every u ∈ Υ and t ∈ [0, 1]. Let
( ∗t) i∂∂e
u ∧ ω2 − tαi∂∂(e−uρ) ∧ ω − α∂∂u ∧ ∂∂u ∧ ω + tµ
ω3
6
= 0
and
T =
{
t ∈ [0, 1] : there exists u ∈ C5,β(M) ∩Υ solving (∗t) and
∫
M
eu ω3 = A
}
,
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where 0 < β < 1 is fixed and C5,β(M) denotes the space of Ho¨lder functions on M . It is
showed in [43] that for a suitable choice of δ, γ and A, T is open and closed in [0, 1] which
implies the existence of a smooth solution u ∈ Υ to
(13) i∂∂eu ∧ ω2 − αi∂∂(e−uρ) ∧ ω − α∂∂u ∧ ∂∂u ∧ ω + µ
ω3
6
= 0 .
If u ∈ C5,βB (M) solves (∗t), then is also solves
( ∗′t) i∂∂e
u ∧ ωB + tα
′i∂∂(e−uρ)−
α′
2
∂∂u ∧ ∂∂u+ tµ′
ω2B
2
= 0
and if u ∈ C5,βB (M) ∩Υ, then
ω′u,t := e
uωB + tα
′e−uρ+ α′i∂∂u+ χ
is a positive (1, 1)-form for a good choice δ and γ. Hence for A > 0 we can consider
TB =
{
t ∈ [0, 1] : there exists u ∈ C5,βB (M) ∩Υ solving (∗
′
t) and
∫
M
eu ω3 = A
}
,
where C5,βB (M) is the space of Ho¨lder functions on M which are also basic. Note that
TB ⊆ T and TB is closed in [0, 1] for the same parameters which make T closed in [0, 1]
since C5,βB (M) is closed in C
5,β(M).
In order to conclude, we have to show that TB is also open in [0, 1].
Let t0 ∈ TB. Then there exists u0 ∈ C
5,β
B (M) ∩Υ which solves (∗
′
t0
). Let
Q :
{
u ∈ C5,βB (M) ∩Υ :
∫
M
eu ω3 = A
}
−→
{
v ∈ C3,βB (M) :
∫
M
v ω3 = 0
}
be defined as
Q(u) = ∗B
(
i∂∂eu ∧ ωB − t0α
′i∂∂(e−uρ)−
α′
2
∂∂u ∧ ∂∂u+ t0µ
′
ω2B
2
)
.
and let
L :
{
u ∈ C5,βB (M) :
∫
M
ueu0 ω3 = 0
}
−→
{
v ∈ C3,βB (M) :
∫
M
v ω3 = 0
}
,
L(u) = ∗B
(
i∂∂(ueu0) ∧ ωB + it0α
′∂∂(ue−u0ρ)− α′∂∂u ∧ ∂∂u0
)
be the first variation of Q at u0. Since
L(u) = ∗B
(
i∂∂(ueu0) ∧ ωB + it0α
′∂∂(ue−u0ρ)− α′∂∂u ∧ ∂∂u0
)
it is transversally elliptic and we can observe that it is the restriction of
L˜ :
{
u ∈ C5,β(M) :
∫
M
ueu0 ω3 = 0
}
−→
{
v ∈ C3,β(M) :
∫
M
v ω3 = 0
}
,
L˜(u) = ∗
(
i∂∂(ueu0) ∧ ωB + it0α∂∂(ue
−u0ρ)− α∂∂u ∧ ∂∂u0
)
SOLUTIONS TO THE STROMINGER SYSTEM WITH TORUS SYMMETRY 15
to
{
u ∈ C5,βB (M) :
∫
M
ueu0 ω3 = 0
}
. In view of [22, 43], L˜ is bijective which readily implies
that L is injective. On the other hand, El Kacimi theorem [13] implies that if F is the natural
extension of L to C5,βB (M), then
C3,βB (M) = ker(F
∗)⊕ Im(F )
where F ∗ is the formal adjoint of F and the decomposition is orthogonal with respect to
the L2-inner product. If we denote by F˜ : C5,β(M) → C3,β(M) the natural extension of
L˜, as showed in [22, 43], the kernel of F˜ ∗ coincides with the kernel of the Chern-Laplacian
of ωu0,t0 which contains only constant functions. Since the Chern-Laplacian of ωu0,t0 takes
basic functions in basic functions we have
Im(F ∗) = Im(F˜ ∗) ∩ C5,βB (M) .
It follows
Im(L) = Im(L˜) ∩ C3,βB (M)
and form the surjectivity of L˜ it follows that L is surjective, as required. Hence the proof
of Theorem 3.1 follows. 
Now we are ready to prove Theorem A.
Proof of Theorem A. Let (X,ωX), M , ω1, ω2 and E as in the statement of Theorem A.
Then Theorem 2.2 implies that M has a complex structure which makes π holomorphic
and π∗(ω1 + iω2) = ∂θ, where θ = θ1 + iθ2 and θ1 and θ2 are the connections 1-forms. By
setting ωB = π
∗(ωX) and ψB = π
∗(ψX), where ψX is a non-vanishing holomorphic (2, 0)-
form on X, we the have that (θ, ωB, ψB) satisfies the assumptions (6) in the statement of
Theorem 3.1. Moreover, since E is a stable vector bundle of degree 0 over (X,ωX ), then
it has a Hermitian metric h along its fibers such that, if V = π∗(E) and H = π∗(h), then
the curvature FH of H satisfies (7). Finally (8) in the assumptions of Theorem 3.1 can be
written as∫
M
α′tr (R ∧R) ∧ ω − α′tr (FH ∧ FH) ∧ ω − ‖dθ‖
2 ω3 =
i
2
∫
M
α′tr (R ∧R) ∧ θ ∧ θ − α′tr (FH ∧ FH) ∧ θ ∧ θ − ‖dθ‖
2 ω2X ∧ θ ∧ θ =
i
2
∫
M
(α′tr (R ∧R)− α′tr (FH ∧ FH)− (‖ω1‖
2 + ‖ω2‖)ω
2
X) ∧ θ ∧ θ = 0
which is equivalent by the Fubini’s Theorem to (5) since the first two terms are the char-
acteristic classes on the base orbifold by the orbifold Chern-Weil theory. Hence all the
assumptions in Theorem 3.1 are satisfied and the claim follows. 
Remark 3.3. In the examples we consider in the next Section, an explicit and simple
formula for e(S) is given in [31, Sect. 7.3, p. 115]. For a K3 orbifold S with k isolated
A1-singularities, the formula is e(S) = 24− k.
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4. Proof of Theorem B
Recall from Section 2 that in general for a principal T 2-bundle π :M → X over a Ka¨hler
manifold (X,ω), with connection forms θ1, θ2, the natural Hermitian structure on M has a
fundamental form given by F = θ1 ∧ θ2 + π
∗(ω).
Also for the Fu-Yau construction we need to consider ω = θ1 ∧ θ2 + π
∗(efωX). Then
for the co-differential δω of ω we have e−f δω = (Λωω1)ω1 + (Λωω2)ω2 + π
∗(dcf), where
ωi = dθi. In particular ω is conformally balanced, if the curvature forms are primitive with
respect to ωX . Since all of the calculations are local, the same is valid if we replace (X,ωB)
by a Ka¨hler orbifold, so M becomes a T 2-bundle in the terminology of [29] (see Section 2).
For the examples below we also need X to be a K3 orbifold with only cyclic singularities,
as in the Reid’s [49] and Iano-Fletcher’s lists [31]. We want to find Seifert S1-bundles Y
over X with smooth total space and primitive characteristic class c1(Y/X).
Lemma 4.1. All examples in Reid’s and Iano-Fletcher’s lists have trivial orbifold funda-
mental group and admit an ample rational divisor.
Proof. The divisor comes from the embedding in a weighted projective space and the hyper-
plane section, the triviality of the orbifold fundamental group is Theorem 4.7.12 in [4]. 
Now we can prove Theorem B
Proof of Theorem B. Consider the example under number 14 at page 143 in the Iano-
Fletcher’s list of codimension two K3 orbifolds. It is an intersection of two degree 6 hyper-
surfaces in P(2, 2, 2, 3, 3). It has 9 isolated A1-singularities. Then blow up the K3 orbifold at
9−k points, where 1 ≤ k ≤ 8 . Since the blow-ups lead to exceptional divisors with negative
intersections, they could be used to construct primitive classes. If H is the restriction of the
hyperplane divisor in P(2, 2, 2, 3, 3) it is positive and every blown-up point defines a divisor
E in the blow-up X with E.E = −2. In particular we can apply the Theorem 2.5 above
9−k times. This will provide a smooth M˜ equipped with a smooth non-negative 2−form ω.
Now Theorem 2.2 above for M = S1× M˜ and dθ1 = 0 for θ1 being the S
1-volume form will
provide a conformally balanced metric, a unitary (3, 0)-form, and a Hermitian-Yang-Mills
instanton bundle E. By Theorem 3.1 it will admit a solution of the Hull-Strominger system.
The diffeomorphism type of M is S1 × ♯k(S
2 × S3) for appropriate k, which follows from
Barden’s results [2] and Theorem 2.6 for simply-connected 5-manifolds with a semi-free
S1-action (just as in the well-studied Sasakian case).
We also need to determine the orbifold second Betti number of the surface, in order to
find k. The calculation follows from Theorem 3.2 in [10]. We can see that there is no
torsion in H2(M,Z) by Theorem 3.4 in [10] (which is a theorem of J. Kolla´r). Since for
the smooth K3 surface we have b2 = 22, then for the singular one it should be 22− 9 = 13
and then we have a smooth Seifert S1-bundle M which is diffeomorphic to ♯k(S
2 × S3) for
k as required. This provides the existence of solutions of the Hull-Strominger system on
S1 × ♯k(S
2 × S3), for 13 ≤ k ≤ 22. For the simply-connected case the proof is the same,
but instead of Theorem 2.6, we use Corollary 2.7. Since we need two independent divisors
D1 and D2 - we need to have at least 2 points blown-up. So in this case we have solutions
on M = ♯r(S
2 × S4)♯r+1(S
3 × S3), for 14 ≤ r ≤ 22.

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Remark 4.2. In [37] solutions for the Strominger system, satisfying the anomaly cancela-
tion condition (3), but with a weaker version of (4), are constructed on ♯r(S
2×S4)♯r+1(S
3×
S3) for every r > 0. The underlying complex structure does not have holomorphically trivial
canonical bundle, but has vanishing first Chern class and admits a CYT metric. The metric
and complex structure are constructed in [28] and [37] uses this construction to find solu-
tions for (3). We note that on (S2×S4)♯2(S
3×S3), J. Fine and D. Panov [20] constructed
a different complex structure with C∗-action and holomorphically trivial canonical bundle.
Although it is unclear whether their example admits a solution to the Hull-Strominger
system, Theorem 3.1 may provide a possible approach.
Remark 4.3. Finally we mention for completeness a partial converse of the construction
in Section 2 for spaces carrying solutions of the Hull-Strominger system with T 2 symmetry.
LetM be a compact complex manifold of complex dimension 3 with trivial canonical bundle
admitting a balanced metric (so either Ka¨hler or non-Ka¨hler Calabi-Yau). Suppose that
M admits a locally free T 2-action preserving the metric and the complex structure and
with only finitely many holomorphic orbits having non-trivial isotropy. If the orbits define
a Hermitian foliation, i.e. a transversally holomorphic and Riemannian foliation, then the
leaf space is a compact complex orbifold surface with an induced Hermitian metric [40, 52].
If additionally we assume that there are only finitely many leaves, then we have an
orbifold T 2-bundle π :M → S where S has only isolated cyclic singularities, since the local
holonomy groups are finite and abelian. Indeed, by [14] any leaf of a compact foliation
has finite holonomy group if and only the leaf space is Hausdorff and for a transversally
Riemannian foliation the leaf space is Hausdorff.
Moreover, by [40, Prop. 3.7, page 94] S has a Hermitian metric and π is a Hermitian
submersion. If Z is a holomorphic (1,0)-vector field induced by the locally free T 2-action,
then for the holomorphic (3,0)-form ψ on M , iZψ induces a non-vanishing (2,0)-form on S,
holomorphic in the orbifold sense. If we assume that M is simply-connected, then πorb1 (S)
is trivial. After resolving the singularities of S, we obtain a smooth simply-connected S
with trivial canonical bundle. So S is a K3 surface, according to Kodaira classification of
compact complex surfaces. Then it follows that when M has torsionless cohomology, it is
diffeomorphic to ♯k(S2 × S4)♯(k + 1)(S3 × S3) for 1 ≤ k ≤ 22, where k depends on the
number of blow-ups in the resolution of S. If S itself is smooth, then k = 22.
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